In this paper we present a rigorous theoretical development of solutions for boundary-dominated gas flow during reservoir depletion. These solutions were derived by directly coupling the stabilized flow equation with the gas material balance equation. Due to the highly nonlinear nature of the gas flow equation, pseudopressure and pseudotime functions have been used over the years for the analysis of production rate and cumulative production data. While the pseudopressure and pseudotime functions do provide a rigorous linearization of the gas flow equation, these transformations do not provide direct solutions. In addition, the pseudotime function requires the average reservoir pressure history, which in most cases is simply not available.
Introduction
We focus here on the development and application of semianalytic solutions for modeling gas well performance-with particular emphasis on production rate analysis using decline type curves.
Our emphasis on decline curve analysis arises both from its usefulness in viewing the entire well history, as well as its familiarity in the industry as a straightforward and consistent analysis approach. More importantly, the approach does not specifically require reservoir pressure data ͑although pressure data are certainly useful͒.
Decline curve analysis typically involves a plot of production rate, q g , and/or other rate functions ͑e.g., cumulative production, rate integral, rate integral derivative, etc.͒ vs. time ͑or a time-like function͒ on a log-log scale. This plot is matched against a theoretical model, either analytically as a functional form or graphically in the form of type curves. From this analysis formation properties are estimated. Production forecasts can then be made by extrapolation of the matched data trends.
The specific formation parameters that can be obtained from decline curve analysis are original gas in place ͑OGIP͒, permeability or flow capacity, and the type and strength of the reservoir drive mechanism.
In addition, we can establish the future performance of individual wells, and the estimated ultimate recovery ͑EUR͒.
Attempts to theoretically model the production rate performance of gas and oil wells date as far back as the early part of this century. In 1921, a detailed summary of the most important developments in this area was documented in the Manual for the Oil and Gas Industry. 1 Several efforts 2, 3 were made over the years immediately thereafter, and probably the most significant contribution towards the development of the modern decline curve analysis concept is the classic paper by Arps, 2 written in 1944. In this work Arps presented a set of exponential and hyperbolic equations for production rate analysis. Although the basis of Arps' development was statistical ͑and therefore empirical͒, these historic results have found widespread appeal in the oil and gas industry. The continuous use of the so-called ''Arps equations'' is primarily due to the explicit form of the relations, which makes these equations quite useful for practical applications.
The next major development in production decline analysis technology occurred in 1980, when Fetkovich 4 presented a unified type curve which combined the Arps empirical equations with the analytical rate solutions for bounded reservoir systems.
The Arps empirical relations for flow rate performance are
where the dimensionless ''decline'' variables are 
ͬ
.
͑5͒
We note that Eq. 1 provides explicit relationships between the production rate and time. The fundamental drawback with these relations is that they are empirical and can yield significant errors when used to analyze long-term rate performance data for gas reservoir systems.
In 1981, Carter 5 presented a new set of type curves developed exclusively for the analysis of flow rate data from gas wells. Carter noted that the changes in fluid properties with pressure significantly affect reservoir performance during depletion. Of ut-most importance is the variation in the gas viscositycompressibility product, c g , which was ignored by Fetkovich. 4 Carter introduced a constant correlating parameter, , to represent the c g vs. p/z behavior during depletion. The parameter is defined as
Using a finite-difference simulator Carter showed that, as a correlating parameter, depends only on the reservoir fluid properties. Carter presented rate solutions for various cases of constant wellbore pressure production. The parameter was used to correlate rate solutions from different reservoir systems into unique type curves.
Other attempts have been made to account for variations in the c g product during the depletion of gas reservoirs. 6, 7 In 1987, Fraim and Wattenbarger 6 used a normalized pseudotime function to account for the nonlinear c g component. These authors showed that using the pseudopressure 8 and normalized pseudotime functions 6, 7 partially linearizes the gas diffusivity equation and allows the liquid flow solutions ͑i.e., the exponential stem on the Fetkovich type curve͒ to be used for the analysis of gas production data.
The normalized pseudotime function was defined by Fraim and Wattenbarger 6 as
Unfortunately, the pseudotime approach requires knowledge of average reservoir pressures as a function of time or, indirectly, the original gas in place. To address this problem, Fraim and Wattenbarger presented an iterative scheme to facilitate the simultaneous determination of the average reservoir pressure and pseudotime functions.
Palacio and Blasingame 9 presented a theoretically rigorous approach for the analysis of variable-rate and bottomhole pressure data with the introduction of a ''modified pseudotime function.'' Since all pseudotime functions for boundary-dominated flow require knowledge of average reservoir pressures 10, 11 ͑or, indirectly, the original gas in place͒, the authors provided a new method for the direct calculation of gas in place without the use of an iterative routine. Palacio and Blasingame also presented the ''FetkovichCarter'' type curve, which incorporates the constant rate, constant pressure, and transient gas flow solutions along with the Arps decline curve stems.
Knowles 12 presented a new approach for linearizing the gas flow equation. Instead of using the constant parameter linearization ͑i.e., the zero-order polynomial function͒ given by Eq. 6, Knowles introduced a straight line linearization scheme ͑i.e., a first-order polynomial function͒. This approach results in a p/z-squared form ͓i.e. (p/z) 2 form͔ of the stabilized flow equation, which provides the proper algebraic form for coupling this stabilized flow equation directly with the gas material balance equation to yield an explicit analytical rate-time equation.
The New Rate-Time Equations
In this section, we present the explicit rate-time equations that are developed in this work. Recall that our approach involves the use of functional forms for modeling the c g vs. p/z behavior as a means to couple the pseudopressure form of the stabilized flow equation with the gas material balance equation.
The fundamental form of the stabilized flow equation is given by
͑8͒
Derivation of Eq. 8 is provided in Appendix A ͑Ref. 13͒. The gas material balance equation is given by
where the dimensionless pressure, p D , given in Eqs. 8 and 9 is defined by
Our general notation is that p/z is the pressure divided by the z factor at average reservoir pressure conditions. We introduce time into our model by using the direct relation between gas flow rate and cumulative gas production. This relation is
The remaining variables used in these equations are defined in the Nomenclature and in Appendix A ͑Ref. 13͒. In order to develop a particular result, we combine Eqs. 8, 9, and 11 along with specified functional models of the viscosity-compressibility function. The results of this process for each case are the following:
, which can be solved for G p (t), and ᭹ q Dd (t Dd ), which can be solved for q g (t).
Figs. 1 and 2
show typical plots of the viscositycompressibility function used in Eq. 8. We consider the following functional models for correlating these curves:
Eq. 15 represents the ''general polynomial'' model, which should be applicable to all gas reservoir systems. We also note that Eqs. 12-14 are approximations of this general model. In particu- lar, Eqs. 12 and 13 are only applicable to low pressure gas reservoirs, while Eq. 14 is applicable only to high pressure reservoirs. Detailed derivations of the average pressure-time, rate-time, and cumulative production-time equations for each case ͑Eqs. 12-15͒ are provided in Appendices A through E. 13 Summaries of the results are presented in the following sections. We have excluded the zero-order polynomial model in this work due to the highly inaccurate nature of these solutions. We have observed that the zero-order polynomial linearization scheme yields very poor results and do not recommend its application.
Solutions Using the First-Order Polynomial Model. Derivation of the production rate-time, average pressure, and cumulative production equations using the p/z-squared form of the stabilized flow equation is given in Appendix C of the original text. We observe that this form of the rate equation inherently assumes a straight line ͑i.e., a first-order polynomial model͒ for the viscositycompressibility function ͑Eq. 13͒.
Using Eq. 13 we develop the following explicit rate-time equation: ͪ dp D Ј .
͑19͒
Substituting Eq. 13 into Eq. 19 gives the following result for the ␤ parameter:
Since p wD lies between zero and one, we find in this case that 0.5р␤Ͻ1.0. Eqs. 16 and 17 are therefore rewritten in terms of ␤ as
͑22͒
A plot of Eq. 22 ͑p D vs. t Dd ͒ is presented in Fig. 3 . The dimensionless rate-time results ͑q Dd vs. t Dd ͒ are plotted in Fig. 4 and compared with typical Carter type curves ͑for the same cases as shown in Fig. 3͒ . We note excellent agreement in all cases.
Solutions Using the Exponential Model. The dimensionless pressure, flow rate, and cumulative production equations for the exponential model are developed in Appendix D 13 In summary, these equations are q 
Eq. 28 requires the W function, W(x), discussed in Ref. 16 . Substituting Eq. 28 for p wD into Eq. 23, we obtain an explicit ratetime equation using only ␤ as the correlating parameter. Fig. 5 illustrates a plot of the dimensionless pressure results. The dimensionless rate solutions for two separate cases ͑i.e., reservoirs with initial pressures of 8,000 and 12,000 psia͒ are plotted in Fig. 6 . Note that these rate solutions overlay each other and compare very well with the Carter type curves for high pressure reservoir systems.
Solutions Using the General Polynomial Model. Derivation of the solutions for the ''general polynomial'' model is presented in Appendix E. 13 The flow model is expressed by either of the following first-order ordinary differential equations: dp 
The rate-time equation is similarly expressed in terms of the ␤ parameter by noting that, in this case,
The dimensionless pressure solutions for the case of a high pressure gas reservoir (p i ϭ12,000 psia) are presented in Fig. 7 . Plots of q Dd vs. t Dd are presented in Fig. 8 for low, moderate, and high pressure gas reservoir systems ͑p i ϭ4,000, 8,000, and 12,000 psia, respectively͒. Note that these curves overlay each other as well as the numerical simulation trends ͑except for the ␤ϭ0.5 trend in the case of the reservoir with p i ϭ4,000 psia͒. This noncorrelative behavior only verifies the nonlinear nature of the gas flow problem since the solution is a function of the depletion path, and further illustrates that the Carter type curve is not unique. In short, we should use ''low'' and ''high'' pressure versions of the Carter type curves.
Performance Analysis Relations
Our goal is to use the decline type curves developed in this work ͑Figs. 4, 6 , and 8͒ to analyze production performance of gas wells. Specifically, we wish to determine the following parameters: original gas in place, G, formation permeability, k ͑or the kh product͒, and skin factor, s.
These parameters are estimated using the following relations, derived from the definitions of the dimensionless variables (q Dd and t Dd ), and the values obtained from a match point.
Original Gas in Place, G. From the definition of t Dd ͑Appendix A of Ref. 13͒, we have
We obtain the original gas in place, G, from the time match as
The productivity index, J g , of the well is estimated from the rate match as
͑38͒
Substituting Eq. 38 into Eq. 37 gives
͑39͒
In Eqs. 38 and 39 the ␣ parameter is determined from the coefficients of the functions used to model the viscosity-compressibility profile ͑Eqs. 
͑45͒
For a radial reservoir system, Eq. 45 can be rewritten as 
͑46͒
Substituting Eq. 38 into Eq. 46 gives
͑47͒
Skin Factor, s. The skin factor is determined from the apparent wellbore radius using the definition of r eD , which is r eD ϭ r e r wa .
Rearranging this equation, we have r wa ϭ r e r eD . ͑48͒
In Eq. 48, the effective drainage radius, r e , is computed using the effective drainage area of the reservoir. That is,
Finally, we compute the skin factor using the relation sϭϪln͑r wa /r w ͒. ͑50͒
Verification of the Rate-Time Equations
In this section we present verification of our new rate-time equations using simulated production data from a gas well. Practical application of these new solutions for the analysis of actual field data is demonstrated in the next section. A single-phase, dry gas reservoir simulator was used to simulate constant pressure depletion performance. The simulated cases include low, moderate, and high-pressure reservoirs ͑p i ϭ4,000, 8,000, and 12,000 psia, respectively͒. Table 1 summarizes the reservoir gas parameters that were used to compute the pressure-dependent gas properties from correlations. 18, 19 Values of gas viscosity and gas compressibility as a function of pressure were used to obtain the coefficients of the polynomial models by plotting i c ti /c t vs. p D , then fitting these trends with the appropriate functional model. Fig. 1 shows a plot of the viscosity-compressibility function for the properties given in Table 1 . We model the trends for a high initial pressure using an exponential function. Coefficients for this function are given in Table 2 . We also model all of these trends with a general polynomial function. A fourth-order polynomial regression was performed on each of the curves, which are presented in Fig. 2 . The coefficients of these polynomial regressions are provided in Table 3 .
To verify our new rate-time results, we plot the calculated rate responses against simulated solutions in the form of Carter type curves ͑q Dd vs. t Dd ͒. Our objective in this section is to demonstrate that the new rate-time solutions match the simulated rate performance very well on a case-by-case basis ͑i.e., when all the rate solutions are generated using the same initial pressure͒. Due to the poor performance of the zero-order polynomial model, this model was not included in the verification sequence. Fig. 9 shows a plot of q Dd vs. t Dd generated using the firstorder polynomial and the general polynomial models, compared to the numerical solutions generated for the case of a low pressure gas reservoir (p i ϭ4,000 psia). As is the case throughout this work, our focus in this verification process is only on the boundary-dominated flow region where our new rate-time models are applicable. Transient rate solutions have been attached to these type curves for completeness, as was also done by Fetkovich. 4 These transient solutions were obtained from the analytical ͑i.e., liquid͒ solutions for a bounded circular reservoir system. We note from Fig. 9 that both the first-order polynomial model ͑i.e., the Knowles model͒ and the general polynomial model perform extremely well for this low pressure reservoir case. Fig. 10 shows a plot of q Dd vs. t Dd for the high-pressure reservoir case (p i ϭ12,000 psia). In this case, we present only the ''exponential'' and ''general polynomial'' models, since the Knowles solutions are not valid for pressures greater than 5,000 psia. Once again, we observe excellent agreement between the new rate prediction models and the simulated type curves, and therefore our new solutions can be used as type curves for the analysis and prediction of gas well performance in high pressure reservoir systems.
In conclusion, we note that the new rate solutions do match the simulated Carter type curves very well for cases of the same ini- tial pressure. In order to obtain highly accurate results we recommend that type curves corresponding to the initial reservoir pressure for a particular case be used for performance analysis. Simple analytical expressions have been provided in this paper ͑Eqs. 21 and 23͒ for reproducing these type curves without having to resort to a reservoir simulator.
Field Example Case
In this section, we present the analysis of a field case using our new rate-time solutions. We have chosen this example case because these data have been analyzed extensively in the literature, and provide a good basis for establishing the utility of our new rate-time relations.
West Virginia Gas Well A. Well A is a vertical gas well, which has been hydraulically fractured and is undergoing depletion. The formation is recognized to be of low to very low permeability. The original production data were presented by Fetkovich et al. 20 and were later analyzed in Refs. 6 and 21. Gas is produced from this well at a fairly constant bottomhole pressure condition. A summary of the reservoir and fluid properties is given below. Figs. 11 and 12 present analyses of the given rate-time data using type curves generated from the Knowles and the general polynomial solutions, respectively. We note similar matches on each type curve, both of which illustrate very good agreement of the type curves and data functions. ϭ gas viscosity, cp Subscripts b ϭ base ͑or reference͒ conditions D ϭ dimensionless Dd ϭ dimensionless decline variable g ϭ gas i ϭ initial w f ϭ wellbore
